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Abstract

This work describes a general method of acceleration of the convergence of the Hough transform based, on the one hand, on an
improvement of the image analysis speed, and, on the other hand, on the space undersampling of the image. This method is used in image
processing to extract lines, circles, ellipses or arbitrary shapes. The results presented are applied to the detection of straight-line segments
and ellipses, but can be extended to any type of transform.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The Hough transform (HT) is a method for detecting
analytically-described shapes, including straight lines,
circles and ellipses (please refer to Leavers (1993) for a
synthetic presentation of the Hough transform). Under
certain conditions, the Hough transform also permits the
recognition of any shape, whether it has been described
analytically or not (Sakai et al., 1996; Kim et al., 2001;
Achalakul and Madarasmi, 2002). In fact, the method is
not limited to detecting the objects cited above, but rather
can be applied to a wide number of activities, such as
motion detection (Kalviainen, 1993), temporal signal mon-
itoring (Imiya, 1996), chirp detection (Sun and Willett,
2001) and character recognition (Shiku et al., 1996).

The Hough transform works to determine the geometric
parameters of a shape via a voting procedure. Every point
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in the image containing the shape votes for one or several
points of the parameter space. The dimensions of this space
depend on the type of shape desired: thus, a two-dimen-
sional space will be needed to search for a straight line,
whereas a three-dimensional space will be needed to search
for a circle. Thus, every point in the initial image votes for
the parameters of a shape that is likely to cross through
that point, which implies that an infinite number of shapes
can pass through a single point. However, because the
parameter space is discrete, the number of shapes is finite.

Duda and Hart (1972) proposed the following one-to-

many transform method for detecting straight lines: for
every point M(x,y) of the initial image, and for h variants
from �p to +p, the transform creates a corresponding
curve equation, q(h) = x Æcosh + y Æ sinh, via normal para-

metrization, which increments the content of the counter,
or accumulators, that cross the coordinate parameter space
(q,h). Another approach to the voting process is the many-

to-one transform. In this type of transform, an a-uplet of
points votes for one parameter point, given a shape with
a parameters.
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Regardless of the approach used, the Hough transform
is a very costly application in terms of computing time,
and numerous proposals have been made to improve its
speed.

To reduce the execution time of the Hough transform,
the number of the points to be processed must also be
reduced (Kiryati and Bruckstein, 1991). To accomplish
this, Tsuji and Matsumoto (1978) and Yoo and Sethi
(1993) use a priori information, such as the direction and
amplitude of the vector gradient. On the other hand, Xu
and Oja (1993), Bergen and Shvaytser (1991) and Kato
et al. (2000) recommend combining a random choice of
binary image points with the simultaneous detection of
the parameter space maxima. However, such methods are
quite sensitive to the noise in the image. This noise
increases the number of points to be processed, which in
turn increases the computing time and the number of erro-
neous detections.

In this paper, we present a general method for accelerat-
ing the convergence of the Hough transform by increasing
the image analysis speed. Following this introduction, Sec-
tion 2 shows how the Hough transform can be controlled
using an algebra that, though basic, is sufficient to justify
the structural choices for the software, or even the hard-
ware. Section 3 details our procedure for undersampling
the binary image. In Section 4, this undersampling is asso-
ciated with an adaptive search for the parameter space
maxima that allows the detection of this maxima to be
anticipated. In Section 5, we present the performance
results followed by our concluding remarks.

2. The pseudo-linearity of the Hough transform

2.1. The ‘‘one-to-many’’ or ‘‘one to m’’ transform

We consider that the Hough transform is a linear rela-
tion HT of the set I of active points in binary image to
be processed (data point space) in a set P representing
the parameter space. An element M of the set I is charac-
terized by the vector of its x co-ordinates of dimension n

for the values in Rn; whereas an element from the set P is
characterized by parameters vector of p of dimension m

for the values in Rm and is associated with an accumulator
in an accumulation space A.

The HT relation matches each element Mi of the set I,
where i 2 {1 . . .card I}, with a curve Ci (i.e. a set of ele-
ments in the arrival set of P, which increments the crossed
accumulators). The transform of two elements Mi and Mj

in I, where i 2 {1 . . .cardI} and Mi 5 Mj is defined as the
sum of the two curves Ci and Cj in arrival set P. Given
Mi and Mj 2 I, if Ii = {Mi} and Ij = {Mj}, it follows that:

HTðMiÞ �HTðI iÞ ¼ Ci

HTðMjÞ �HTðIjÞ ¼ Cj

HTðfMi;MjgÞ �HTðI i [ IjÞ ¼ Ci þ Cj

8><
>:
)HTðI i [ IjÞ ¼HTðI iÞ þHTðIjÞ

ð1Þ
Given the result (1), it is possible to decompose the
transform of a subset of I (i.e. Ii [ Ij) into the sum of the
transforms of singletons composing this subset. By exten-
sion of this property and considering a partition kP(I) =
{I1� � �Iq} such as I = I1 [ I2 [ � � � [ Iq, "i and "j 2 {1 . . .q}
where q 6 cardI, i 5 j and Ii \ Ij = ;, it can be deduced
that:

HTðIÞ ¼HTðI1 [ I2 . . . [ IqÞ

)HTðI1 [ I2 � � � [ IqÞ ¼
Xq

k¼1

HTðIkÞ ð2Þ

The result of Eq. (2) is stated as follows: the Hough

transform of a set is equal to the sum of the transforms of

each of its disjoint subsets, both paired and complementary

(Duquenoy, 1998).

2.2. The ‘‘many-to-one’’ (‘‘m-to-1’’) transform

When using a ‘‘many-to-one’’ approach to the Hough
transformation process, the value of the parameters vector
p in space P is calculated starting from an element M of the
set I · I � � � · I, making M a subset of elements that are dis-
tinct from I. Each one is characterized by the vector of its
x coordinates. The initial space thus consists of elements
taken from I · I � � � · I, and the arrival space P remains
unchanged. It is no longer necessary to calculate a curve
Ci (the set of elements in arrival space P) but rather only
a single element of this space.

The HT relation associates a point that has a para-
meters vector p in arrival space P to each element M =
(M1 . . .Mc), in the set I · I � � � ·I = Ic, where c represents
the dimension of the parameter space (i.e. the number of
required parameters). Thus, the relation expressed in Eq.
(2) always remains valid, provided that Ic is considered as
an initial set.

Given the ‘‘pseudo-linearity’’ property shown in Eq. (2),
two steps are needed to calculate the Hough transform
optimally:

1. The transform calculation of the initial binary image
must be decomposed, so that the overall calculation is
equal to the sum of the transforms of the different sub-
sets of points.

2. Each transform of the decomposed subsets must be cal-
culated independently, and then used in the method sug-
gested in the following section.

3. Acceleration by undersampling

Formalism

The undersampling used in our method consists of
decomposing the initial binary image I of dimensions
N * N into a set of under-images IOe

a;b, where the parameter
Oe is the undersampling order and the couple (a,b) the ref-
erence of the under-image. Respecting the conditions of the
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Eq. (2) yields I ¼ [IOe
a;b and \IOe

a;b ¼ ;. The points of the
under-images are selected according to the following rule:

Mðx; yÞ 2 IOe
a;b () Mðx; yÞ 2 IðN ;NÞ with x ¼ Oe � k þ a

and y ¼ Oe � k þ b

with: Oe 2 N; a and b 2 0;Oe½ ½; k 2 0;
N
Oe
� 1

� �

for Oe 6¼ 0

ð3Þ

Notes:

• if the image is not a square, then two coefficients kx, ky,

kx 2 0; Nx
Oe
� 1

h i
and ky 2 0; Ny

Oe
� 1

h i
,

• if Oe ¼ 0 no undersampling process.
Example. For Oe ¼ 3 and N = 256, then k 2 [0, 84], a and
b 2 [0, 3[,x = 3 * k + a and y = 3 * k + b (see Fig. 1).

The advantage of such a decomposition is that it
increases the speed at which the image is analyzed, which
allows the transform to take the set of objects contained in
the image into account more quickly. We thus improve the

overall identification of the image by using this method of

shape detection.
According to Eq. (2), the transform of I is equal to the

sum of the transforms of its IOe
a;b under-images. Spatial

undersampling does not influence the final result, for the
parameter space. Since the processed images are binary, the
following equation can be written:
I ¼ [IOe
a;b )HTðIÞ ¼

X
HTðIOe

a;bÞ ð4Þ

Similarly, the ‘‘many-to-one’’ transform that searches
for a shape with two parameters can be written:
Fig. 1. Decomposition of the binary image
I2 ¼ I � I ¼ [IOe
a;b � [IOe

a;b ð5Þ
¼
�

IOe
0;0 [ IOe

0;1 � � � [ IOe
0;Oe�1 [ IOe

1;0 � � � [ IOe
1;Oe�1 � � � [ IOe

Oe�1;Oe�1

�
ð6Þ

�
�

IOe
0;0 [ IOe

0;1 � � � [ IOe
0;Oe�1 [ IOe

1;0 � � � [ IOe
1;Oe�1 � � � [ IOe

Oe�1;Oe�1

�
ð7Þ

¼ IOe
0;0 � IOe

0;0

� �
[ IOe

0;1 � IOe
0;1

� �
[ � � � [ IOe

Oe�1;Oe�1 � IOe
Oe�1;Oe�1

� �n o
ð8Þ

[ IOe
0;0 � IOe

0;1

� �
[ IOe

0;0 � IOe
0;2

� �
[ � � � [ IOe

Oe�1;Oe�1 � IOe
Oe�1;Oe�2

� �n o
ð9Þ

¼
[

i¼0���Oe�1; j¼0...Oe�1;

IOe
i;j

� �2 ð10Þ

[ IOe
0;0 � IOe

0;1

� �
[ IOe

0;0 � IOe
0;2

� �
[ � � � [ IOe

Oe�1;Oe�1 � IOe
Oe�1;Oe�2

� �n o
ð11Þ

)HT I � Ið Þ ¼
X

HT IOe
i;j

� �2
� �

þHT IOe
0;0 � IOe

0;1

� �
ð12Þ

þHT IOe
0;0 � IOe

0;2

� �
þ � � � þHT IOe

Oe�1;Oe�1 � IOe
Oe�1;Oe�2

� �
ð13Þ

By associating this undersampling method to a maxima
detector like the one proposed in the following section
makes it possible to stop the calculation of the transform
before its term and, thus, to accelerate the peak detection
process.

4. Maxima detection by adaptive search

The peak of the accumulation space is characterized
both by its position, which determines the values of the
searched parameters, and its value (i.e. the number of accu-
mulated votes). In a standard transform, the accumulation
and peak detection phases are carried out successively,
which generates a certain number of problems that are
underlined in the next few paragraphs.

4.1. Problems due to the traditional approaches

The straight-line segment in Fig. 2a was detected using a
standard transform (Duda and Hart, 1972). Supposing that
the point extraction is done from left to right and from top
using spatial undersampling (Oe ¼ 3).



Fig. 2. The straight-line segment (a) is composed of 50 points. The amplitude of the peak in (b) is equal to 50. (a) Straight-line segment placed in the first
upper quadrant of the image. (b) Parameter space corresponding to (a). (c) Evolution of the maxima in relation with the number of iterations. (d)
Evolution of the maxima position in relation to the number of iterations (for (a)).
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to bottom, by the time that the last point of the straight-
line segment is calculated, the peak of the parameter space,
Fig. 2b, will have reached its maxima and will not evolve
any more until the end of the analysis, or in other words,
until 3/4 of the total image processing execution time has
elapsed. Given that, in the traditional method, voting and
searching for the maxima are done sequentially and not
simultaneously, this problem is inherent to the method.

Fig. 2c represents the evolution of the maxima value of
the image processed in Fig. 2a. The maxima reaches its
final value of 50 at iteration 20,000, for a total number
equal to 65,536. In relative terms, it appears that stopping
the Hough transform calculation after the 20,000th itera-
tion would result in a savings of about 70% with respect
to the image processing speed. Thus, measuring the max-
ima while calculating the parameter space could yield an
appreciable time savings. Fig. 2d shows the evolution of
the maxima’s position rather than its value. From this
information, it appears that the position of the maxima
in the parameter space (in terms of the indices) stabilizes
before the maxima’s value does.
Fig. 3 represents the same example as Fig. 2 but for a
longer straight-line segment (100 points instead of 50).
The maxima was reached at the iteration 32,600, but on
the position of the maxima was still stabilizing at 11,700
iterations.

The above observations indicate that it would be pos-
sible to anticipate the detection of the maxima by monitor-
ing the evolution of its position. Under these conditions,
detecting the peak would no longer be related to an ampl-
itudinal value that is highly dependent on the image con-
text (e.g. number of objects, occultation, noise), which
definitely makes the method more robust than a simple
thresholding method. The following section describes
how to set up such an adaptive anticipated peak detection
procedure that is independent of context.

4.2. Adaptative maxima search

4.2.1. The limitations of the existing methods

Searching for a maxima during the voting phase has been
was proposed by Kalviainen et al. (1991). Kalviainen’s



Fig. 3. The straight-line segment (a) is composed of 100 points. The amplitude of the peak in (b) is equal to 100. (a) Straight-line segment placed in the first
upper quadrant of the image. (b) Parameter space corresponding to (a). (c) Evolution of the maxima in relation to the number of iterations. (d) Evolution
of the maxima position in relation to the number of iterations (for (a)).
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procedure consists of comparing the current maxima with a
pre-established, generally very low threshold value after
each vote. When this threshold is reached, an inverse trans-
form is immediately calculated, allowing the points that
participated in the vote to be extract. However, in many
cases, this method, is destined to fail, for example:

• Noise in the image can decrease the signal-to-noise ratio,
leading to maxima in the parameter space that fluctuate
in both value and position.

• The same straight-line segment placed in different basic
contexts or environments, can produce different peak
values.

• Without a priori knowledge of the content or nature of
the images to be processed, it is difficult, if not impossi-
ble, to choose threshold value.

• A threshold that is too weak can yield erroneous detec-
tions, whereas a threshold that is too high can cause
short segments to go undetected.
4.3. Proposed solution

In order for anticipated maxima detection to be really
effective, a criterion that will allow the calculations to be

stopped as soon as the value of the maxima has been obtained
with certainty is needed. The duration of convergence
towards this maxima depends on at least two parameters:
(i) the number of points in the image and (ii) the ‘‘waiting
time’’ needed to ascertain that convergence has been
reached.

• The number of points in the image to be processed is an
important parameter. The higher the number, the longer
the convergence time. The simultaneous use of under-
sampling (presented in Section 3) makes it possible to
reduce this convergence time; in fact, the higher the
order of the undersampling, the lower the convergence
time. Unfortunately, the corollary of this aspect is
increased inaccuracy.
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• The ‘‘waiting time’’ needed to make certain of the con-
vergence is also important. This parameter depends on
the level of noise in the image and is expressed in terms
of the iteration count.

We propose the following two-phase algorithm (Fig. 4)
to deal with the above parameters:

1. Preliminary maxima threshold: First, a maxima, thres-
hold value is established. This threshold is adjusted
according to the nature of the image: the more disturbed
the image, the higher the threshold. When the maxima
reaches the preset value, the second phase is initialized.

2. ‘‘Locking’’ of the maximum: Once the preliminary
threshold has been reached, the time (counted in number
of iterations) during which the position remains stable is
measured. If the number of iterations is higher than a
present threshold, the value is considered to be the
required peak, and the transform calculation can be
stopped. The present threshold is selected according to
the type of images: noise level, shapes size to be detected,
and the number of pixels.
Fig. 4. Our algorithm.
Note: When an image has several lines that must be
detected, the points corresponding to each line in the initial
image are removed after processed in order to avoid pro-
cessing the line again.

Our method is adaptive. First, the threshold set in phase
one can be modified during phase two of the method. Sec-
ond, the information about the maxima position is used
rather than the information about the maxima value. This
position information is independent of the noise in the
image and the number of points constituting the shapes
to be detected.
5. Results

We illustrated our new approach to anticipated peak
detection by using it to accelerate to two types of Hough
transforms:

1. The detection of a straight-line segment, as proposed by
Duda and Hart (1972).

2. The localization of the center of an ellipse proposed by
Yuen et al. (1989).

We compared the results of our approach with those
obtained using the above methods. The results of our com-
parison are presented below.
5.1. Detection of straight-lines segments

5.1.1. Description of the anticipated maxima detection

procedure

Two test images were used during the detection proce-
dure. Each of them included a 44-pixels line segment that
one pixel thick and oriented such that h = 45�. Only the
value of q (150 and �150) where different; these values
were selected so as to obtain a segment placed at the bot-
tom right sometimes in the bottom right (Fig. 5a) and at
the top left of the image (Fig. 5b). In addition 200 points
were added to the image at random, distribution such that
each point of the image had a 0,1 probability of being a
noise point.

The results obtained show the effectiveness of our antic-
ipated detection method. The times for the first image
(Fig. 5a), were 1.96 s for the standard method and 1.48 s
for our new method (Fig. 5, table c). These results indicate
a time savings, though the savings was relatively small,
only around 25%. However, for the second image
(Fig. 5b), the savings was almost 70%, with 1.96 s for the
standard method compared to 0.62 s for our method
(Fig. 5, table d).

This increased processing speed for two images with sim-
ilar contents can be explained by the geographical position
of the segment to be detected. During the processing, the
video scan of the image moved from left to right and from
top to bottom, resulting in quicker detection of the segment
in image 5b than of the one in Fig. 5a. In addition, the



Fig. 5. The influence of anticipated maxima detection on processing time. Both images were processed using the standard method proposed by Duda and
Hart (1972). (a) Straight-line segment (h,q) = (45,150). (b) Straight-line segment (h,q) = (45,�150). (c) Results for (a). (d) Results for (b).

1 Groupe de Recherche—Information, Signal, Images et ViSion,
http://gdr-isis.org/.
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values obtained for of q and h were much more precise (less
than 1% of error), as compared with the standard method.

Two observations can be made concerning the choice of
the thresholds:

1. The speed with which the peak position is stabilized is,
initially, a function of the peak’s position. The role of
the preliminary thresholding is to locate this peak as
soon as it appears, and the choice of the threshold value
depends on the noise in the image.

2. Once a peak is detected, it is necessary to measure the
time that it remains in a stable position. To accomplish
this, the number of iterations during which this peak
does not change position are counted and compared
with the value of the preset threshold. The peak’s posi-
tion may fluctuate slightly both due to image noise
and to the discretization of the transformed space given
the shape’s precision (e.g. a slightly curved ‘‘line’’, a
slightly flattened circle). The threshold value can thus
be adjusted for the type of images being processed.

5.1.2. Description of the space undersampling
In order to validate the effectiveness of spatial under-

sampling, two test images of 45� straight-line segment were
used (Fig. 6a and b). However, unlike the images in Fig. 5,
the segments in Fig. 6 are several pixels wide. In this situ-
ation, the Hough transform detects a line that is not
systematically in the principal direction (Fig. 6e and f).
Fig. 6 (tables c and d) present the results obtained with a
standard transform. The computing times are obviously
identical since the standard transform detects peaks only
after the image has been completely examined. For
Fig. 6f, an inaccuracy of 2 on the angle is to be noted.
The spatial undersampling and the anticipated maxima
detection techniques were performed simultaneously. The
results are presented in Fig. 7a and d. The performances
noted in Fig. 7 (tables e and f), show the effectiveness of
using undersampling: the mean improvement in terms of
speed is 75%, with consistent accuracy.

5.1.3. Processing a real image

We used our anticipated maxima detection method on a
real image from the GDR-ISIS data bank.1 After detecting
the contours and binarizing the image, we ran the Duda and

Hart algorithm (Duda and Hart, 1972) in order to detect

http://gdr-isis.org/


Fig. 6. Standard transformation for thick straight-line segments (Duda and Hart, 1972). (a) Thick straight-line segment (h,q) = (45,�80). (b) Thick
straight-line segment (h,q) = (45,80). (c) Results of standard transform of (a). (d) Results of standard transform of (b) (error of 2� on h). (e) Detected
straight-line segment. (f) Detected straight-line segment.

Fig. 7. Using undersampling to detect thick line segments. (a) Processing for the segment in Fig. 6a for Oe ¼ 2. (b) Processing for the segment in Fig. 6b
for Oe ¼ 2. (c) Processing for the segment in Fig. 6a for Oe ¼ 4. (d) Processing for the segment in Fig. 6b for Oe ¼ 4. (e) Comparison of the results for (a)
and (c). (f) Comparison of the results for (b) and (d).
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Table 1
Processing a real image

Number of
lines detected

Initial
algorithm (s)

Modified
algorithm (s)

10 1 0.3

20 2 0.5

30 3 0.7
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the straight lines of the objects in the image. Detecting mul-
tiple straight lines is simple: the Hough transform is applied
as many times as there are lines to be detected. The number
of lines to be detected can be set in advance or a decision
can be made to stop the detection process if no meaningful
maxima can be detected in the transformed space. When a
line is detected, all of its points are eliminated from the
image in order to avoid detecting the same line twice.

Fig. 8 illustrates the results for the ten straight lines
detected. The number of lines detected was limited on pur-
pose in order to avoid overloading the figure. We then
compared the results obtained with the original unmodified
algorithm and the modified version that incorporated our
anticipated maxima detection method. Fig. 8a is the initial
image, and Fig. 8b is the image of the contours obtained
using a Deriche (1987) filter and binarization.

We compared the execution time for the two algorithms
in Table 1.

The unmodified algorithm (Fig. 8c) required a constant
time in terms of the number of lines to be detected. Because
Fig. 8. Real image (512 * 512 pixels). (a) Real image from the GDR-ISI data b
and Hart (1972) algorithm. (d) Detected straight lines modified by Duda and
the time needed by modified algorithm (Fig. 8d) depends
on the position of lines in the figure, its execution time
can only be lower than that of the unmodified algorithm,
since the analysis of the image is stopped after every line
detection.
5.2. Application to the detection of an ellipse center

In many cases, ellipsoids are not symmetrical in relation
to their centers, making it impossible to use the Tsuji and
Matsumoto method (Tsuji and Matsumoto, 1978) which
ank. (b) Image of the contours of (a). (c) Detected straight lines by Duda
Hart (1972) algorithm.



Fig. 9. Test image used (256 * 256 pixels). (a) Ellipsoid whose contours are not symmetrical in relation to their centers. (b) The contours of ellipsoid (a).

Fig. 10. Detection of the center of the ellipsoid from Fig. 9, using the spatial undersampling and anticipated maxima detection techniques. (a) Without
undersampling (Oe ¼ 0). (b) Undersampling order Oe ¼ 1. (c) Undersampling order Oe ¼ 2. (d) Undersampling order Oe ¼ 3.

Table 2
Computing time for the Yuen transform, applied to ellipsoid from the
spatial undersampling method, with a maximum stability threshold of 500

Ellipsoid threshold = 500 Yuen method (s) Error in pixels

Oe ¼ 0 0.52 26

Oe ¼ 1 1.7 65

Oe ¼ 2 6 1

Oe ¼ 3 4 3
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requires that the tangents of the selected points be parallel.
For this reason, a method based on other properties of the
ellipse is clearly necessary. In response to this need, Yuen
et al. (1989) suggested a method based on the concept of
poles (intersections of the tangents) and polar. Though it
has a higher calculation cost than the Tsuji and Matsumoto
method (Tsuji and Matsumoto, 1978), it does allow non-
symmetrical ellipsoids to be analyzed. This method
involves incrementing the accumulators in the parameter
space crossed by a line passing though the pole and the
medium of the polar for every couple of points in the start-
ing space. The test image used is presented in Fig. 9.

5.3. Reference measurement: the Yuen method without

acceleration

Initially, we calculated the center of ellipse using classi-
cal Hough transform, or in other words, without the accel-
eration techniques developed in the preceding sections. The
result obtained provides a basis for comparing the two
approaches. For the second test, we used our two acceler-
ation techniques. The computing time needed for the Yuen

and Al method (Yuen et al., 1989) was 42 s for 390 points
treated. Please remember that the computing time for
Hough transform is proportional to the number of points
in the binary image to be processed. In the specific case
of Yuen et al. (1989), this computing time is proportional
to n(n � 2)/2 where n represents the number of points.
The high computing time value is related to the complexity
of the Yuen method, which requires calculating the right-
hand side, passing by the pole and polar, and then the
incrementing the accumulators crossed by this line.

This method uses the gradient direction information to
calculate the directions of the tangents that must be con-
toured in order to establish the position of the pole of
the ellipse (intersection of the tangents). Using information
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resulting from the calculation of a directional gradient
nevertheless increase the risk of introducing errors into
the transformation process because the gradient direction
implies an error the calculation of the pole line, and
thus in the line passing by the pole and the polar. It also
implies an error in the localization of the center. All of
these can explain the slight inaccuracy of the following
measurements.

The positive influence of undersampling on the scan-
ning speed of the image is clear. The consequence of this
Fig. 11. Test on the real image of the detected center of an ellipsoid

Fig. 12. Evolution of the center index for different values of undersam
(b) Undersampling order (Oe ¼ 1). (c) Undersampling order (Oe ¼ 2). (d) Und
increase on the analysis speed is particularly apparent if a
relatively low peak detection threshold in the parameter
space, or a relatively low peak stability threshold time, is
selected. In such a situation, erroneous detections are pos-
sible due to the absence of a total analysis of the image.
Undersampling will make it possible to extend the analysis
to the totality of the image, thus to increase the total per-
ception of the image by the Hough transform. This was
true when we applied the Yuen method to an ellipsoid
(Fig. 10). The results of this application are summarized
. (a) Foetal cranial outline. (b) Detected center of the figure (a).

pling order Oe ¼ 0; 1; 2 and 3. (a) Without undersampling (Oe ¼ 0).
ersampling order (Oe ¼ 3).



Table 3
Computing time for Yuen transform, applied to the image of foetal cranial
outline from the spatial undersampling method

Foetal cranial outline Number of iterations Error in pixels

Oe ¼ 0 500 0

Oe ¼ 1 200 0

Oe ¼ 2 100 1

Oe ¼ 3 500 2
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in Table 2, where the values in bold are lower than the ref-
erence value (the standard Yuen method required 45 s). The
values in italics correspond to an erroneously detected cen-
ter. On the other hand, the undersampling method, with an
order of Oe ¼ 2 provided a result close to the center search,
for an increase in speed over 80%.

The improvement in performance speed is obvious com-
pared with the method without undersampling, particular
for Oe ¼ 2 and Oe ¼ 3.

Fig. 11a shows an ultrasound scan image of foetal
cranial outline. It is a 320 * 240-pixels image with a 256-
gray-scale. The image was preprocessed using an algorithm
developed by Duquenoy et al. (1995), resulting in binarized
contour. The Yuen calculation method and our accelera-
tion techniques were used to search for the center of ellipse.
Fig. 12 and Table 3 present the results that were obtained.

Again, improvement in performance speed is obvious
compared with the method without undersampling, parti-
cular for Oe ¼ 1 and Oe ¼ 2.

6. Conclusion

In this paper, we have shown that it is possible to pres-
ent the Hough transform as a linear operation. This linear-
ity enabled us to propose an image decomposition method
which increases the analysis speed and thus widens the
transform’s total perception of the image. This solution
also allows erroneous detections to be avoided. Our objec-
tive being to increase the calculation speed of the Hough
transform, we chose to reduce the number of points to
which the transform was applied, while increasing the total
perception of the image. Our method applied an under-
sampling technique as well as a criterion derived from the
observed stability of the peak position in the parameter
space to stop the transform calculation. These two Hough
transform acceleration techniques—spatial undersampling
and anticipated maxima detection—enhanced performance
results. All that remains to be done is to set a criterion that
will allow the spatial undersampling index to be chosen
automatically.
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